Monte Carlo simulation techniques that use function approximations have been successfully applied to approximately price multi-dimensional American options. However, for many pricing problems the time required to get accurate estimates can still be prohibitive and this motivates the development of variance reduction techniques. In this paper, we describe a zero-variance or 'perfect' control variate and a zero variance or 'perfect' importance sampling distribution to price American options. We also observe the natural connection of the perfect control variate to additive duality and the perfect importance sampling distribution to multiplicative duality in American options. We then discuss how function approximations may be used to approximate the perfect control variate and the perfect importance sampling distribution. Empirically, we observe that both the techniques give significant variance reduction on examples of single and multi-dimension options.
Introduction
Accurate estimation of the price of an American option and the optimal exercise policy when the dimensionality of the underlying process is large remains an important problem in option pricing. Typically, this problem is simplified by restricting times at which the option can be exercised to a finite set of values so that it may be modeled as a discrete time Markov decision process (MDP), or more specifically, an optimal stopping problem in discrete time.
Unfortunately, the well known numerical techniques for solving such MDP's suffer from a 'curse of dimensionality'. Recently, significant literature has developed that approximately solves the optimal stopping problem associated with the American option using Monte Carlo simulation (see, e.g., the overview in Chapter 8 of Glasserman 2004) . These typically involve generating many sample paths (or more general sample trees) of the underlying assets until the expiry of the option and then using some form of backward induction to obtain an approximate solution. Carrière (1996) , Longstaff and Schwartz (2001) and Tsitsiklis and Van Roy (2001) propose regression based function approximations to aid in accurate and quick execution of this backward induction step. These methods involve approximating the 'continuation value' (the value of the option if not exercised) as a linear combination of certain easily evaluated and well-chosen basis functions.
In this paper, we develop efficient control variate and importance sampling based variance reduction techniques that build upon the regression based function approximation ideas to price American options. We first identify the form of zero variance or 'perfect' control variate in the American options setting. Here we use the results from Henderson and Glynn (2001) who show that for commonly used performance measures in Markovian settings, a martingale may be constructed that serves as a perfect control variate in the sense that the resultant performance measure estimator has zero variance. This martingale is typically unimplementable as it requires knowledge of measures that are at least as difficult to estimate as the performance measure of interest. In the American option setting, if our interest is in estimating the value of the option at a particular time at a particular value of the underlying assets, then (as we note later), a perfect control variate can be constructed that requires knowledge of the complete option price process, i.e., it requires knowledge of the price of option at each state of the underlying assets, at each future time period, up till option maturity.
From importance sampling viewpoint, we note that if the complete option price process is known, then by selecting the importance sampling probability density function (pdf) at any time and at any state to be proportional to the product of the original pdf at that time and state and appropriate option price, we get a zero-variance or perfect importance sampling measure.
Function approximation techniques proposed in Carrière (1996) , Longstaff and Schwartz (2001) and Tsitsiklis and Van Roy (2001) are useful as through regression based procedures they provide approximations to the option price process. These approximations are typically in the form of suitable linear combinations of selected basis functions. We note that for a well chosen set of basis functions these approximations can be used to develop easily implementable approximate perfect control variates and perfect importance sampling distributions. Empirically, we observe that the proposed variance reduction techniques provide significant variance reduction over naive simulation.
The additive duality in American options is well known (see Rogers 2002 , Haugh and Kogan 2004 , Andersen and Broadie 2004 . Jamshidian (2003) and Bolia, Glasserman and Juneja (2004) propose multiplicative duality for American options (also see Chen and Glasserman 2007) . In this paper, we make an interesting observation that the perfect control variate solves the additive duality problem and the perfect importance sampling estimator solves the multiplicative duality problem. Thus, the proposed approaches are also useful in deriving good upper bounds to option prices via duality results.
We view the pricing of an American option as a two-phase procedure: In the first phase an approximately optimal exercise policy is learned, while in the second phase, this policy is evaluated via the usual Monte-Carlo procedure. Our experiments suggest that with regression-based methods, the first phase is completed very quickly, even under naive simulation. Thus, our main focus is the second phase, i.e., development of variance reduction techniques for efficient evaluation of the approximately optimal exercise policy via MonteCarlo simulation.
In Section 2, we develop the basic mathematical framework. We discuss the perfect control variate in Section 3. Here, we observe that it solves the well known additive duality problem. In Section 4, we discuss the perfect importance sampling distribution and show that it solves the multiplicative duality problem. In Section 5, we outline the proposed approximation methodology for the two techniques. Experimental results displaying the effectiveness of the proposed schemes are given in Section 6. Finally we conclude in Section 7 where we also discuss how our methodology specializes to some popular models. Significant portions of the analysis in this paper appeared in Bolia, Glasserman and Juneja (2004) and Bolia and Juneja (2005) .
MATHEMATICAL FRAMEWORK
We refer the reader to, e.g., Karatzas and Shreve (1998) and Duffie (1996) for a description of continuous time models used for asset price movements and for technical conditions under which the no-arbitrage condition implies the existence of a unique risk neutral measure so that price of a European option is an expectation of its discounted payoffs under the risk neutral measure. We assume that such conditions hold. Furthermore, we assume that the option under consideration can be exercised at a finite number of time points. In practice, options that provide fixed finite number of times at which they can be exercised are referred to as Bermudan options. American options that expire at time T are well approximated by Bermudan options by dividing T into a large number of well spaced intervals. We assume that probability density functions are available to us so that we can generate samples of asset prices at finite number of time intervals where they can be exercised. In some cases, this may only be approximately true (see, e.g., Glasserman 2004), however, we do not dwell on this issue in the paper.
Specifically, suppose that the option can be exercised only at N + 1 times 0, 1, 2, ..., N (these times need not be integers or equally spaced, we do so for notational simplicity).
The underlying security prices at these times are modeled by a Markov process (X n ∈ X : n ≤ N ), where X may be a multi-dimensional state space. The state description may include additional variables such as the value of stochastic interest rates and volatilities, and supplementary path dependent information, so that the resulting process {X n } is Markov.
The value of the option at time n if exercised at that time, is denoted by g n : X → + (i.e., its exercise value or intrinsic value). Let T n denote the set of stopping times taking values in {n, n + 1, . . . , N } (a random variable τ is a stopping time w.r.t. {X n } if the occurrence of {τ = n} can be ascertained by observing (X 1 , . . . , X n )). Let
where the expectation is taken under the risk neutral measure. Then J n (x) is the value of the option at time n given that the option is not exercised before time n. The initial state X 0 = x 0 is fixed and known. So, our pricing problem is to evaluate J 0 (x 0 ). Since no closed form solutions are available for the above except in the simplest cases, numerical and simulation methods are needed for pricing such multi-dimensional and multiple exercise opportunity options. This formulation is sufficiently general to include discounted payoffs through appropriate definition of the {X n } and {g n } (see Glasserman 2004, p.425) , and hence these are not explicitly stated.
Further, we suppose that the pdf of X n+1 conditioned on X n = x evaluated at y is given by f n (x, y) under the risk-neutral measure. For any function F : X → , define
It is well known that the value functions J = (J n (x) : x ∈ X , n ≤ N ) satisfy the following backward recursions:
for n = 0, 1, 2, ..., N − 1, for each x ∈ X . An alternative set of recursions based on the continuation value function Q = (Q n (x) : x ∈ X , n ≤ N − 1) may be developed, where
These recursions are:
Then it is well known that τ * is an optimal stopping time for our problem, i.e., J 0 (
(see, e.g., Duffie 1996 ).
As we observe in our experiments, this stopping time is easily and accurately estimated using functional approximations in the sense that if τ approximates τ *
is positive, but typically small. Once an approximation τ to τ * is known, J 0 (x 0 ) may be estimated by the usual Monte Carlo technique of generating independent samples of g τ (X τ ) and taking their average.
Perfect Control Variate
In this section we first identify a martingale corresponding to a perfect control variate for American options. We then show that it solves the additive duality problem. As mentioned in the introduction, to specify the perfect control variate we need to know the complete option price process. Next, we show that if a close approximation to the option price process exists and is appropriately used as a control variate, then the resultant simulation estimator has small variance.
Control Variate
Suppose that Y is a random variable that is a function of (x 0 , X 1 , . . . , X τ ) whose mean equals zero. Then, 
for n = 1, . . . , N is a zero mean martingale w.r.t. filteration (F n : 1 ≤ n ≤ N ), where 
is the perfect control variate for estimating J 0 (x 0 ) in the sense that
a.s. This follows by simply observing that along the set {τ *
As mentioned in the introduction, in Section 5 we use regression based functional approximations of J n (·) to approximate the martingale (M n : n ≤ N ). First we observe the connection of this martingale with the well known additive duality in American options settings. Haugh and Kogan (2004) note that for any zero mean martingale
Additive Duality
Thus, average of independent samples of max n (g n (X n ) − M n ) provide an estimate of an upper bound to the option price. Furthermore,
where the infimum is over all zero mean martingales M . Haugh and Kogan (2004) also note that the inequality in (11) is tight if the martingale (M n : 1 ≤ n ≤ N ) is considered in the upper bound. This can be seen by observing that g n (X n ) −M n may be re-expressed as:
This in turn is dominated by J 0 (x 0 ). To see this, note that g n (X n ) − J n (X n ) ≤ 0, and the well known fact that the process (J m (X m ) : 0 ≤ m ≤ N ) is a super-martingale, so that for , Duffie 1996) .
This suggests that if we have an approximationĴ n (·) to the true option value J n (·) (for
can provide a good upper biased estimate of J 0 (x 0 ). We test this observation empirically in our experiments.
Characterizing Approximation Error
Consider an approximate value function processĴ = (Ĵ n (x) ≥ 0, n ≤ N, x ∈ X ) and the associated zero mean martingaleM = (M n ∈ : 1 ≤ n ≤ N ), as in (16).
In the following proposition we note that whenĴ is close to J = (J n (x) : n ≤ N, x ∈ X ), the mean square error of the control variate estimator may not be very large. Let τ denote a stopping time.
denote the associated mean square error.
< ∞, ∀n, and there exists a positive > 0 such that, for all n,
Then,
A sufficient condition for (17) is that the error
Proof of Proposition 1 Without loss of generality, we consider the case τ > 0 a.s.
Throughout the proof, we suppress the use of X n in expressing
Subtracting and adding E k [J k+1 ] to each term in the sum in (20), and noting from (3) that
Then, Y − J 0 (x 0 ) may be further bound from above by
To get the desired upper bound on
from (17) it follows that
Now the desired upper bound follows from squaring (22) and applying Cauchy-Shwartz inequality to each term.
Perfect Importance Sampling Measure
In this section we first introduce importance sampling in the American options setting and discuss the zero variance importance sampling probability measure. Then we show that this measure solves the multiplicative duality problem. Next we show that if a close approximation to the option price process exists and is appropriately used in importance sampling, then the resultant simulation estimator has small variance.
Importance Sampling
Let τ denote our best guess for τ * , e.g., obtained via function approximation methods discussed later. For expository convenience assume that τ * > 0 a.s. Then, a naive estimate
is obtained by taking an average of independent identically distributed samples of g τ (X τ ). Suppose, we generate these samples using the importance sampling pdf's
n. LetP denote the resultant measure (let P denote the original measure). Let P denote the collection of all such probability measures. Then an importance sampling (IS) estimator of J 0 (x 0 ) is obtained by taking an average of independent, identically distributed samples of
(see, e.g., Juneja and Shahabuddin 2006) . Now suppose that the importance sampling distribution P * corresponds to:
for each x, y and n so that
it is easy to see that when τ = τ * , P * is a zero-variance measure as (25), with f * n replacingf n , reduces to Q 0 (x 0 ) = J 0 (x 0 ) a.s. (Such zero-variance measure are discussed, e.g., in Kollman et al. 1999; Ahamed, Borkar, and Juneja 2004) .
Multiplicative Duality
LetL n denote the n step likelihood ratio of P w.r.t.P , i.e.,
(Define L * n similarly). Letτ denote a stopping time. Then,Lτ gτ (Xτ ) is upper bounded by
In particular,
It follows that
Thus, the average of independent samples of (28) provides an unbiased estimator for an upper bound on J 0 (x 0 ). Recall that P denotes the collection of all valid importance sampling measures. It follows that
The next proposition implies that P * , solves the above dual problem for pricing American options.
i.e, the upper bound on the samples is constant and tight.
Proof Note that
It follows that this is upper bounded by
This result is an IS formulation of a multiplicative duality result in Jamshidian (2003).
It suggests that ifP is close to P * , thenẼ(max n≤NLn g n (X n )) provides a close upper bound to J 0 (x 0 ) (whereẼ denotes the expectation operator underP ). Also, note that
This provides two ways of estimating the upper bound associated withP : simulating under the IS distributionP and using the expression on the left, or simulating under the original distribution and using the expression on the right. Jamshidian (2003) does the latter. Bolia et al. (2004) report that experiments using IS (with the approximate zero-variance distribution) to estimate the upper bound yield lower variance.
Characterizing Approximation Error
otherwise, and denote the resultant probability measure byP . LetL n denote the corresponding likelihood ratio of P w.r.t.P restricted to times 0 to n. Let τ denote a stopping time and let MSE denote the associated mean square error, i.e.,
Proposition 3. Suppose there exists a positive < 1 such that,
for all n and x where J n (x) > 0. Then,
Furthermore,
Proof From (36), the fact that
Note thatL
From this, (37) follows. In particular,
Therefore,
and the result follows.
The above analysis suggests that if J n can be closely approximated byJ n a known quantity (e.g., a function of European options whose value is known), then the corresponding P may provide a good proxy for the zero-variance measure and good simulation efficiency may be expected. However, there still remain issues concerning efficient generation of random variables from the distributionsf n . We address this in the next section.
Proposed Methodology
As mentioned in the introduction, we adopt a two-phase approach to pricing the option. In the first phase, we approximately estimate the optimal stopping policy. For this purpose 
Using simulated paths, we find parameters r *
for each x and n. Then, at any state state x and time n we can compareQ(x, r * n ) with g n (x) to determine whether to stop or to continue at that state so that we have a completely specified approximately optimal exercise policy. Tsitsiklis and Van Roy (2001) find that methods based on least squares regressions are better suited for estimating Q rather than J = (J n (x), n ≤ N, x ∈ X ), as the estimates of the former have better bias characteristics.
In the second phase we evaluate the approximately optimal exercise policy determined bŷ Q, using the variance reduction techniques involving approximating perfect control variate as well as approximate perfect importance sampling measure. To implement these techniques we need to find the estimatorsĴ for J. Furthermore, we need an approximationĴ so that the integral E n [Ĵ n+1 ](x) can be computed easily. We now discuss how this is achieved using function approximations.
To compute the control variate, consider a parameterized value functionĴ : X × K → that assigns valuesĴ(x, s) to state x, where again, s = (s(1) , . . . , s(K)) ∈ K , and
We choose each N −1 (the exact methodology is discussed later in Section 5.1) so thatĴ(x, s * n ) ≈ J n (x) for each x and n. To conduct importance sampling, we again considerĴ as above. Here, the basis functions (φ k : k ≤ K) are selected to be non-negative and so that it is easy to generate samples from the probability density functions
Unlike for the control variates, we restrict our search to non-negative parameters s * 1 , s * 2 , . . . , s * N in coming up with approximationsĴ(x, s * n ) to J n (x) for each x and n. As we discuss later, non-negativity of the estimated parameters facilitates generating samples from the resultant importance sampling probability measure although it may lead to poorer approximations of J and hence poorer performance of the importance sampling based algorithm.
Different basis functions can be used forQ andĴ. These could further depend upon the time period n. The number of basis functions used could also be a function of n. However, to keep the notation simple we avoid these generalizations. We now discuss the procedure outlined above in detail.
Approximately Evaluating the Optimal Policy
As mentioned earlier, we follow a similar approach to that proposed in Longstaff and Schwartz (2001) and Tsitsiklis and Van Roy (2001) Recursively, consider time n. Suppose that we know τ m,n , the time to exercise the option along path m, given that we have not exercised it till time n. Then, parameters r * n are found as a solution to the least squares problem:
Note that if τ m,n is a realization of the optimal stopping time along path m (given that the option has not been exercised till time n), then g τ m,n (x m,τ m,n ) above is an unbiased sample of the continuation value Q n (x m,n ) (and hence a reasonable proxy).
We modify this approach to determine the parameters s * 
The parameters s * n for n ≤ N − 1 are found after parameters r * n have been determined. Knowing r * n allows us to determine whether to exercise the option at state x m,n or not by comparing g n (x m,n ) andQ(x m,n , r * n ) for each m. Then, τ m,n−1 is known for each m. Set
The parameters r * n and s * n above are determined using the least squares method (see, e.g., Bertsekas and Tsitsiklis 1996) . Again, if τ m,n−1 is a realization of the optimal stopping time (given that the option has not been exercised till time n − 1), then g τ m,n−1 (x m,τ m,n ) above is an unbiased sample of J n (x m,n ).
For importance sampling purposes, we restrict s * 1 , . . . , s * N to be non-negative and use non-negative least squares method to determine them (see, e.g., Lawson and Hanson 1974) .
Second phase: Control variate
Once (Ĵ(x, s * n ) : x ∈ X , n ≤ N ) are known, we start the second phase of the algorithm using the control variate to evaluate the price of the option.
We define the martingaleM = (M n ∈ : 0 ≤ n ≤ N ) aŝ
As we discuss later in Section 6, the basis functions are selected so that terms
can be explicitly computed in closed form.
We generate another set of independent paths of the underlying process that is also independent of the paths generated earlier to estimate the optimal policy. The martingale The stopping time τ m,0 along path m is found by comparing theQ n approximated earlier with g n at every time step n.
Second phase: Importance sampling
Once (Ĵ(x, s * n ) : x ∈ X , n ≤ N ) are known, we start the second phase of the algorithm involving importance sampling to evaluate the price of the option. The importance sampling probability densities are given bŷ
This may be re-expressed asf
where
Note that since non-negative least squares method is used to generate each s * n+1 = (s * n+1 (k) : k ≤ K), the associated p * k (x) ≥ 0 and k≤K p * k (x) = 1. Hence, if we can easily generate a sample from the pdf
, then this makes generation fromf n (x, ·) straightforward.
Numerical Results
We demonstrate the efficacy of the proposed control variate and importance sampling algorithms on three examples. We first consider a one dimensional option pricing problem. Here we price an American put option on a single underlying asset. Then we consider two multidimensional option pricing problem where we price three and five dimensional American max-call options.
In this section, any vector x ∈ n is denoted by (x(1), . . . , x(n) ). Let (X t ∈ n : t ≤ T ) denote the asset price process of n underlying securities. We assume in all the examples that these securities follow geometric Brownian motion under the risk neutral measure. Then,
Here W t ∈ n is a standard Brownian motion process and the instantaneous correlation Observe that the element j of the vector X i can be written as
Then, conditioned on X i−1 = x,
conditioned on X i−1 = x, X i has a multi-variate lognormal distribution. Its pdf f i (x, y) has the form, 1
where (·) t represents the transpose of the given matrix or vector, and | · | denotes the determinant of the given matrix.
Choice of Basis Functions
As mentioned earlier, both for control variates and for importance sampling, we select basis functions so that each E i [Ĵ i+1 ](x) can be evaluated in closed form. For expository simplicity we present further analysis assuming same basis functions are used to obtain functional approximations for all exercise opportunities 0 ≤ i ≤ N .
We use K basis functions of the form
is symmetric and positive semi-definite, and
Observe that φ k (y) may be re-expressed as
Consider the expression,
After algebraic manipulations we obtain is positive definite and Σ k is positive semi-definite. Hence,Σ is positive definite. So,
Recall that using a least squares regression we estimate
can be expressed as,
Hence, we obtain an easily implementable control variate. Note that the basis functions may be set to sums or differences of terms as in RHS of (61), and even then closed form
For importance sampling, set p *
. Then our importance sampling pdf's have the form
i.e., it is a non-negative mixture of multi-variate lognormal distributions. Hence, it is easy to generate samples using these density functions and easy to compute the associated likelihood ratio in a closed form.
In the next subsection we detail specific choice of parameters (b k , Σ k ) for a one-dimension American put, followed by a section containing results for multi-dimensional American maxcall.
Single Asset American Put Option
The payoff for a one dimensional American put is
where K denotes the strike price. Specific parameters for the underlying asset considered are r = 6%, δ = 0, Variance reduction factor (VR) is calculated as the ratio of the estimated variance of the naive estimator and the estimated variance of the estimator using the variance reduction technique (control variate or importance sampling). Generating a path with a variance reduction technique takes more time than the time taken in generating a naive path. To account for this the VR is multiplied by the ratio of average path generation time for naive simulation and the average path generation time using the variance reduction technique to get the overall computation reduction factor (CR). This indicates the overall computational benefit of a variance reduction technique compared to naive simulation.
Control variate implementation
We generated 30,000 paths to estimate r * and s * for implementing control variate using ordinary least squares. It was observed in the experiments (not reported), that when the put was in the money and the number of exercise times were 20 or less, even 10,000 paths sufficed to give good estimates of r * and s * in the sense that having more paths did not further improve the option value. When the put was out of money or the number of exercise times were 50, we needed about 30,000 paths to achieve stability in the option value. In the second phase, 100,000 paths are used to estimate the option value and upper bound so as to obtain a confidence interval that is approximately within 1% to 5% of the estimated value.
Results of simulations are displayed in Table 1 . We observe that large amount of variance reduction is achieved using the control variate technique. The estimated upper bound is also quite close to the option value. This variance reduction is less significant when the option is out of money (when X 0 = $50) and the upper bound is also not very close to the option value in this setting. This may be because the quality of approximations of the value functions (and hence of the control variate) is not very good when the option is out of money. Note that most paths generated to estimate the least square parameters with X 0 = $50 are out of money. On close examination of these paths we found that approximations to the options price process are particularly inaccurate in these regions and they contribute the most to the increased variance of the estimate. 
Importance sampling implementation
For importance sampling, 10,000 trials of non negative least squares were used to estimate s * (any further increase did not improve the quality of estimated parameters). In each case that we considered only one or two of the s * (n) assume a positive value; thus only one or two basis functions are used for conducting importance sampling. This suggests that that better implementable approximations of the option price process may lead to improved performance.
The results are displayed in Table 2 . Here, the VR is less than in the control variate case but it still provides significant improvement over naive simulation. This improves when the option is out of money. This may be because under the importance sampling measure, more in the money paths are generated that provide useful estimation information. Table 2 : Point Estimates and 95% CI half widths using naive simulation and importance sampling. Here VR denotes the ratio of the estimated variance under naive simulation and under the importance sampling technique; CR denotes the computational reduction factor and equals VR times the ratio of the average time to generate a sample path under naive simulation and under the importance sampling technique. For this example, we also conducted experiments (not reported) where we learnt the coefficients of the basis functions using starting points different from X 0 . This however, resulted in slight decline in the value of the policy evaluated and in the performance of our variance reduction techniques.
Multi-asset Call Options
We ran experiments on a Bermudan max call option on three and five securities. The payoff of the call option then is
The set of parameters and basis functions to estimate the exercise policy were same as those used in Andersen and Broadie (2004) . Specifically, each asset price process is assumed to have an identical distribution independent of the other asset price processes. The associated parameter values considered are r = 5%, δ = 10%, ρ = 0, and σ = 0.2. We take T = 3, N = 9 and K = 100.
For estimating the continuation value functions we used 13 basis functions. These consisted of the largest and second largest asset prices, three polynomials of degree two (e.g., the squares of largest and second largest asset price and the square of the two), four polynomials of degree three, the value of a European max call option on the largest two assets, and the square and the cube of this value.
Control variate implementation
Recall that for approximating the perfect control variate we need to approximate the option price process using basis functions ( We used 30,000 paths to estimate r * and s * using ordinary least squares. In the second phase 200,000 paths were used to estimate the option value and the upper bound.
Results for initial stock prices (all assets are fixed at same initial value in our experiments) X 0 (i) = 90, X 0 (i) = 100 and X 0 (i) = 110 for i ≤ n, are listed in Table 3 . The VR and the CR appear to decrease with the number of dimensions n. This may be because its difficult to identify basis functions that provide good approximation as the dimensionality of the space increases. Improving the quality of approximations in large dimensions to improve the performance of the control variate technique is an area that needs further research.
It is also noteworthy that the average time taken for simulations with the control variate technique in these examples was 1.2 to 1.3 times the average time for naive simulation while this was more than twice the naive simulation time in the one dimensional case. This is Since these examples were also considered by Andersen and Broadie (2004) some comments are in order. Note that for policy evaluation in phase 1, we use identical basis functions as used by Andersen and Broadie (2004) . Our naive estimates are comparable to their's once adjustments are made for the fact that they use about ten times more effort in the first as well as in the second phase. In the second phase, we use basis functions that allow explicit computation of E i [Ĵ i+1 ](x) for each i and x. This has the advantage of significant variance reduction at a relatively little computational overhead. As mentioned earlier, the computational effort increased by 20 − 30% compared to naive simulation. In contrast, Andersen and Broadie (2004) report that the overall computational effort increased by 2.5 to 20 times in determining upper bounds. On the other hand, the upper bounds reported by them are far closer to the lower bounds than the ones that we report. This motivates further work to improve the quality of the upper bounds while controlling the implementation overheads (see also Broadie and Cao 2007) .
Importance sampling implementation
The non-negative basis functions to implement importance sampling were determined as follows: We considered the set of all basis functions of the form
We found the coefficients associated with the basis functions using the non-negative least squares method for the last time period. Then we ignored the basis functions with zero coefficients and considered only those basis functions with positive coefficients in developing approximations for the value function in each time period. This is based on a reasonable view that at least when the time periods involved are few, the basis functions that approximate the value function in the last time period, also do a good job in approximating the value function at earlier time periods.
In the three dimensional setting, we found that only three basis functions had positive coefficients -fourth powers of each security. Similarly, for the five dimensional case, five basis functions had positive coefficients, again the fourth power of each security.
We used 10,000 paths to learn each s * i . Results are listed in Table 8 . We observe VR of the order 5 and CR of order 4 in each case. Again, further research is needed to develop good quality approximations of the option price process to further improve the importance sampling performance.
To see how the proposed algorithms perform in a more realistic setting of correlated asset values, we repeated the experiments for different positive value of correlation between the Brownian motion of different assets, keeping all other parameters and the basis functions identical. Our observation was that the performance of the variance reduction techniques improved with increasing correlation. In Tables 5 and 6 , we show the results for correlation ρ = 0.5.
Discussion and Conclusions
In this paper we showed how popular variance reduction techniques of control variate and importance sampling may be combined with the existing function approximation ideas to speed up the pricing of American options. In particular, we observed that the perfect control variate solves the well known additive duality problem and the perfect importance sampling measure solves the multiplicative duality problem. Our computational approach relied on We showed empirically on a few examples that our control variate approximations perform better than the importance sampling ones and both perform better than naive procedures.
Our theoretical analysis suggested that better the approximations to the value functions, better the performance of the proposed variance reduction techniques. Our empirical results further suggest that importance sampling techniques are more sensitive to inaccuracies in approximating the value function. The relative poor performance of importance sampling may also be due to the fact that we use poorer approximations of the value function in its implementation. Recall that to facilitate implementation we use the non-negative least squares method to find the approximate value function for importance sampling. Fortunately, we do not have this constraint for implementing control variate method where we use the ordinary least squares method that may provide a better approximation. We may simulate the discretized version using the equations S(t i+1 ) = S(t i )e Also note that when a European option, whose price at any time to maturity and any starting state has a closed form expression, is used as a basis function, its conditional expectation is again the price of the same option with a longer time to maturity and is known in closed form (see Ehrlichman and Henderson 2006) . Finally, note that as better methodologies are developed to approximate basis functions, the proposed techniques should also show further improvements in computational benefits (see, for instance, Yu and Bertsekas 2009 ; for some initial work in learning good basis functions).
